PRYM VARIETIES OF CYCLIC COVERINGS 



H. LANGE AND A. ORTEGA 

Abstract. The Prym map of type {g, n, r) associates to every cyclic covering of degree 
n of a curve of genus g, ramified at a reduced divisor of degree r, the corresponding 
Prym variety. We show that the corresponding map of moduh spaces is generically finite 
in most cases. From this we deduce the dimension of the image of the Prym map. 



1. Introduction 

Let C be a smooth projective curve of genus g > 2 over an algebraically closed field k. 
For simplicity we assume the characteristic of to be 0, although some of the results are 
valid in greater generality. To every etale double covering f : C ^ C one can associate 
a principally polarized abelian variety of dimension g — l, the Prym variety of /. The 
corresponding morphism 

from the moduli space of etale double coverings of curves of genus g to the moduli space 
of principally polarized abelian varieties of dimension g — 1 is called the Prym map. Its 
properties have been extensively studied. For example it is well known that for (7 > 6 it is 
generically injective (see [FS] . jK] ) and not injective (see [D]). Moreover its infinitesimal 
properties have been studied as well (see [Be], |LSj ). 

In this paper we look at the analogue of the Prym map in the case of cyclic coverings of 
arbitrary degree. To any cyclic covering f : C —y C of degree n, branched along a reduced 
divisor i? on C of degree r, one can associate an abelian variety P = P{f) of dimension 
p, called the Prym variety of the covering f and defined as the connected component 
containg of the norm map JC JC. The canonical principal polarization of JC 
induces a polarization on P whose type D depends only on the topological structure of 
the covering /. 

Giving a such covering is equivalent to give the data (C, B, rf) where 77 is a line bundle 
over C satisfying r]®"' ~ Oc{B). We denote by TZg{n,r) the corresponding coarse moduli 
space. If Ap^D denotes the moduli space of polarised abelian varieties of dimension p and 
polarisation D, the morphism 

Prg{n,r) : Tlg{n,r) — > Ap^n 

which associates to a n-cyclic covering its polarized Prym variety is called the Prym map 
of type {g,n,r). 
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In this paper we investigate the differential of the Prym map at general n-cyclic 
branched coverings. We will show that in most cases it is injective (see Propositions 
15.11 15. 2[ 15.61 and 15. 7p . As a consequence we get that the Prym map itself is generically 
finite in most cases (see Proposition 15.51 and Corollary 15. Sp . From this we can compute 
the dimension of the image of the Prym map. 

In Section 2 we collect some results concerning the ampleness of the twisted canonical 
line bundle ojc ® i] which will be used throughout the article. Section 3 is dedicated 
to the study of the injectivity of the Abel-Prym map. In Section 4 we prove that the 
codifferential of the Prym map can be identified with a certain multiplication map of 
sections, which give us a necessary condition to the codifferential map be surjective at 
a point {C,B,rj) of Tlg{n,r). Finally, the consequences of this result are worked out in 
Section 5. 

2. Twisted canonical line bundles 

Let C be a smooth projective curve of genus g > 2 over an algebraically closed field 
k (of characteristic 0) and t] he a line bundle of degree s > 0. In this section we collect 
some well-known results concerning the line bundle 

L = ujc ®ri, 

which will be applied later. 

Lemma 2.1. (1) L is globally generated if and only if either 

• s > 2 or 

• s = 1 and rj ^ Oc{x) for some point x of C or 

• s = and rj ^ Oc{x — y) for points x ^ y of C. 

(2) L is very ample if and only if either 

• s > 3 or 

• s = 2 and rj ^ Oc{x + y) for points x and y of C or 

• s = 1 and rj ^ Oc{x + y — u) for points x, y and u of C or 

• s = and rj ^ Oc{x + y — u — v) for points x, y, u and v of C with x + y ^ u + v . 
Proof. This is a consequence of Riemann-Roch. □ 

We need the following immediate corollary of Lemma [2.11 (2) in Section 5. 

Corollary 2.2. //degr/ = 0, then ujc ® rj is very ample if and only if uJc ® is very 
ample. 

Recall that the Clifford index of the curve C is defined by 

Cliff (C) = Min{degM-2(/i°(M) - 1) | M e Pic{C) , h\M) > 2 for z = 0, 1}. 
Corollary 2.3. Suppose 

= OciB) 

with n > 2 and a reduced effective divisor B of degree r = us on C. Then 

(1) Suppose s = or 1. If g > n + 1 and Cliff(C) > n — 1, then L is globally generated. 

(2) Suppose s = 0,1 or 2. If g > 2n + 1 and Cliff (C) >2n — 1, then L is very ample. 
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The Chfford index of a general curve equals ■ Hence for a general curve C of genus 
g > 2n — 1, respectively > 4n — 1, every line bundle L of this type is globally generated, 
respectively very ample. 

Proof. (1): Let s = 0. If L is not globally generated, then rj = 0{x — y) for points 
X ^ y oi C according to Lemma [2.11 (1). So nx ~ ny implying that C admits a g\. The 
assumption on the genus implies that it contributes to the Clifford index, which means 
Cliff (C) < n — 2. The proof in the case s = 1 is the same. 

(2): Let s = 0. If L is not very ample, then rj = 0{x + y — u — v) for points x, y, u, v 
of C with X + y u + V according to Lemma 12.11 (2). So nx + ny nu + nv implying 
that C admits a gl^. Again the assumption on the genus implies that it contributes to 
the Clifford index, which means that Cliff (C) < 2n — 2. The proof of the other cases is 
the same. □ 

Corollary 2.4. Let r] e Pic°(C) with = Oc as above. If CM (C) >2n-l, then the 
canonical map 

is surjective. 

Proof. According to a classical Theorem of Meis, Cliff (C) < So the assumption on 
the Clifford index implies g > 4n — 1 and Uc^r] and uJc^t]'^ are very ample by Corollary 
12. 3[ Hence the asumptions of |Bul Theorem 1] are satisfied, which gives the assertion. □ 

3. The Abel-Prym map 
Let C be a smooth projective curve of genus g > 1 and 

f -.C 

denote a cyclic covering of degree n branched over a reduced divisor B = xi + ■ ■ ■ + Xr on 
C of degree r > 0. So C is given by a line bundle rj of degree s = ^ on C satisfying 

r^" = Oc{B) 

and we have 

n-l 

For such a covering / let 

denote a map generating the cyclic group of covering maps. The automorphism a induces 
an automorphism on the Jacobian JC which we denote by cr as well. 
The Prym variety P = P{f) of the covering / is defined as 

P = Im(l - ct) = Ker(l + a + ■ ■ ■ + 

Fix a base point c G C* and let Oc '. C ^ J{C) be the Abel map with respect to c, i.e. 
ac{p) = 0(j{p — c). The Abel-Prym map of the covering / is defined as the composition 

Vr = TTe : C ^ J{C) ^ P. 
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Proposition 3.1. (1) Suppose C is not hyperelliptic or C is hyperelliptic and n > 3. 
Then, for distinct points p,q E C, 7r{p) = n{q) if and only if f is ramified in p and q and 
all ramification points have the same image. In particular, it : C —>■ P is infective if f is 
etale. 

(2) // C is hyperelliptic and n = 2, then it : C ^ P is of degree 2 onto its image. All 
ramification points of f have the same image under tt. 

Proof. By definition of tlie Abel-Prym map, 7r(p) = 7c{q) if and only if (1 — a){p — c) ~ 
(1 — cr)(g — c). This is the case if and only if 

(3.1) P + cr{q) q + cr{p)- 

If C is not hyperelliptic this means that p + cr(g) = q + <y{p). Since p ^ q, this is the case 
if and only if p and q are ramification points of /. 

Let C* be a hyperelliptic curve, l the hyperelliptic involution, and p,q E C distinct points 
satisfying (13.11) . Again all ramification points have the same image. If p ^ q are not 
ramification points, (13. ip implies a{q) = l{p) and cr(p) = i(g). Then 

a'^[q) = aL{p) = La{p) = L^{q) = q, 

since a commutes with the hyperelliptic involution. Similarly, we get a^(p) = p. Then / 
ramifies in p and q for n > 3, a contradiction. The proof in the case n = 2 is the same 
as for |BLl Proposition 12.5.2] where it was proved for s < 1. The proof of the fact that 
also in the hyperelliptic case all ramification points of / have the same image under vr is 
the same as above. □ 

In order to describe the differential of the Abel-Prym map, let x denote the generating 
character of the Galois group G = < a > of /, i.e. xi'^) = Cn, a primitive n-th root of 
unity. The decomposition of H^{uj(j) into eigenspaces is 

n-1 

(3.2) H\C, = H\C, uc ® v""''), 

where H^{ujc ® r^""*) is the eigenspace of x*- Recall that 

.J{C)=H\C,UcT/H^{C,'L). 

In these terms the induced action of a on H^{C,uj^)* and ifi(C, Z) is just the analytic, 
respectively rational, representation of cr. We denote 

n-1 

(3.3) H\C,uJcY = H\C,uJc{B)) and if°(C', c^^.)" = if°(C, a;c ® ?/""')• 

i=l 

Notice that H^{C, uJq)~^ is the eigenspace with eigenvalue 1 of the action of G on H'^{C , oj^) 
and H^{C ,uj(j)^ its complement, that is the sum of the other eigenspaces. If we define 
similarly ifi(C*,Z)+ and ifi(C*,Z)~, we have 

(3.4) P={H\C,Uc)-r/Hi{C,Z)-. 
Hence the tangent bundle of P is the trivial bundle 

Tp = Pyi{H\C,ujc)-r. 
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The projectivized differential of the Abel-Prym map vr^ is by definition the projectivization 
of the composed map 

It is a priori a rational map C = P{T^) P{{H%C,u^)-y). Let : (ifO(C', tu^)")* 
H^{C,uJc ® f]^)* denote the natural projection and P{qi) its projectivization. 

Lemma 3.2. The composition of the projectivized differential of the Abel-Prym map tTc 
with the map P{qi) for 1 < i < n — 1 is the composed map 

V.am^ of:C^C^ PiH\C, uc ® VT) 

where f^ujcm^ '^'^P 9^^^''^ by the linear system \ujc (S> 

The proof is a slight modification of the proof of [BL\ Proposition 12.5.3], which we 
omit. In particular, for n = 2 the composition (Pujc<»v ° / coincides with the projectivized 
differential of tt. This is used in \BL\ Corollary 12.5.5] to find conditions for the differential 
diip to be injective at a point p G C* in the case of s < 1. In any case, we have as a direct 
consequence of Lemma 13.21 

Proposition 3.3. The differential of the Abel-Prym map tTc is injective at a point p G C, 
if the point f{jp) is not a base-point of the linear system |ti;c®?7'| for some i, I < i < n — 1. 

Corollary 3.4. Suppose n > 3 and either s > 1 or s = and Cliff (C) > 2, orn = 2 and 
s>2. Then the differential diip of the Abel-Prym map is injective at any point p & C . 

Proof. Suppose first n > 3. For s > 1 the line bundle uoq ® rj^ is globally generated 
according to Lemma [2.1[ For s = 0, Lemma [2.11 gives that uc ^ rj is globally generated, 
unless 1] = Oc{x — y) with x ^ y E C . But in the last case ojc ® rj^ is globally generated, 
since rf = Oc{2x — 2y) and 2x — 2y u — v would imply Cliff (C) < 1. For n = 2 and 
s > 2 the line bundle uq ^ rj is globally generated according to Lemma 12.11 □ 

Combining Proposition 13.11 and Corollary 13.41 we get the main result of this section. 

Theorem 3.5. (1) Suppose n > 3 and either s > 1 or s = and Cliff (C) > 2 or n = 2, 
s>2 and C not hyperelliptic. Then the Abel-Prym map tt is an embedding of C\f^^{B) 
and maps the ramification divisor f~^{B) to an ordinary r-fold point. 
(2) Suppose n = 2, s > 2 and C hyperelliptic. Then the Abel-Prym map tc is a double 
covering mapping the ramification divisor f~^{B) to an ordinary r-fold point. 

In the missing case n = 2, s < 1 and C hyperelliptic tt : C ^ D G P is a double 
covering onto a smooth curve D such that the Prym variety of / is the Jacobian of D (see 
[BLl Corollary 12.5.7]. 

4. The differential of the Prym map 

Let 7lg{n,r) denote the coarse moduli space of triples {C,B,ri), where C is a smooth 
projective curve of genus g, B an effective reduced divisor of degree r > on C and rj 
a line bundle on C satisfying 77®" ~ Oc{B). We assume that for r = 0, 77 is a proper 
rz-division point of the Jacobian. Equivalently, IZgin^r) is the moduli space of n-fold 
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cyclic coverings f : C ^ C with smooth irreducible projective curves C of genus g and C 
of genus 

g{^C) = ng-n + l + ^^^. 

Note that / is totally ramified over every point of the divisor B. The Prym variety 
P = Im(l — a) of the covering / : C* — C is an abelian subvariety of the Jacobian JC of 
dimension 

f(n — 1) 

p={n-l){g-l) + ^^. 

According to jBLl Corollary 12.1.4 and Lemma 12.3.1] the canonical polarization of JC 
induces a polarization of type 

D = (l,...,l,n,...,n), 

where 1 occurs p — {g ~ 1) times and n occurs {g — 1) times if r = 0, and 1 occurs p — g 
times and n occurs g times, if r > 0. 

Let Ap^D denote the moduli space of polarised abelian varieties of dimension p with 
polarisation of type D. The construction associating to every n-fold covering its polarized 
Prym variety defines a map 

Pr = Prg{n,r) : 7lg{n,r) — > Ap^n, 

called the Prym map (of type {g,n,r)). It is a morphism, since the construction works 
also for families of the objects involved. In this section we describe the differential of the 
Prym map at a point (C, B,!]) = [f : C ^ C] & Tigiji^ r). It turns out that it is easier to 
describe its dual, the codifferential of Pr. 

Let the notation be as in Section 3. By Serre duality we have {H^{C , ^c))* ~ -^^(^) ^c)- 
Hence the decomposition (13. 2p of H^{C,uj(j) induces a decomposition 

n— 1 

into eigenspaces of the action of G. Analogously to (13. 3p we denote by 

n-1 

H\C,0^y = H\C,Oci-B)) and H\C,0^)- = ^ H^Cv'-^ 

i=l 

the eigenspace with eigenvalue 1 and its complement, the sum of the other eigenspaces. 
Equation (13. 4p implies that the tangent space tp of P at the origin is 

(4.1) tp = {tj^r = {H\c,u^rr = h\c, o^r, 

which gives for the cotangent space t*p of P at the origin, 

n-1 

1=1 

Let Aig{r) denote the coarse moduli space of r-pointed smooth projective curves of 
genus g. Since the forgetful map lZg{n,r) M.g{r), {C,B,ri) i— > {C,B) is etale, the 
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tangent space to 7lg{n,r) at {C,B,ri) is isomorphic to the tangent space to M.g{r) at 
{C,B). According to [HI Example 3.4.19] or [HMl p. 94] this space is isomorphic to 
H\C,Tc{-B)) and its dual is isomorphic to H^{C,ujf{B)). 

On the other hand, the cotangent space to Ap,D at the point P can be identified with 
the second symmetric product S'^{H^{C ,uJ(j)~)). From (13. 3p we deduce an isomorphism 

n-l 

i=l l<j<k<n-l 

The eigenspace of S'^{H^{u!(^)~) corresponding to the character x'^ of the group generated 
by a is 

l<i<n—l l<j<k<n 

2i=u mod n j+k=v mod n 

We obtain the following commutative diagram compatible with the action of G = (cr) : 

2n-2 

(4.2) S\H\u^r) ®H\ul®rf-'^) 

i V i 

where the factor in square parenthesis on the bottom row does not occur if n is odd. The 
vertical arrows are the projection on the cr-invariant part and /i is the multiplication of 
sections on every factor of the direct sum. 

Proposition 4.1. With the identifications above, the codijferential of Prym map at the 
point {C,B,ri) = [/ : C — > C] G lZg{n,r) can he identified with the canonical map 

where (pc-n is the composed map fio p of diagram (14.21) . 

In the case n = 2, r = this was proved jBel Proposition 7.5] and stated for arbitrary 
n and r = in [Tlj Proposition 4.6]. Beauville's proof generalizes directly to this more 
general case, but seems not to generalize to r > 0. For n = r = 2 the proposition was 
given in |BCVt p. 123]. In order to prove the Proposition we shall need the following 
lemmas. For any variety X we denote by Tx its tangent sheaf. 

Lemma 4.2. Let X be a smooth projective curve and A = V/A an abelian variety. 
Assume there is a non constant morphism tt : X ^ A whose image generates A as 
abelian variety. Then the dual of the map 

H\dix) : H\X,Tx) H^X^tt^Ta) 

coincides with the multiplication of sections map 

V* ® H%X, ux) C H%X, ux) ® H%X, ux) — ^ H%X, uj,) 



4) 
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with respect to the identifications 

H\X,7r*TAy -V* H\X,uJx) and H^X^Tx)* ^ H\X,ujj 

Proof. Consider a non constant morphism tt : X A = V/A. The differential of vr gives 
an inclusion of sheaves dir : Tx 7r*T4 = V ^ Ox ', its dual map 

(4.3) V*(g)Ox — > uJx 

has rank 1. Since the image of X generates A as abelian variety, V* is a subspace of 
H^{X.,ujx) and then this map is the evaluation of sections. Tensoring fl4.3p by ux and 
taking global sections, we get the multiplication of sections 

V*(^H\X,ujx)^H\X,ujI), 

which is the dual map of H^{d7[) . □ 

According to the definition in Section 3 the Abel-Prym map n : C ^ P factorizes via 
the Abel-Jacobi map a: 



(4.4) c 




l-a 

JC 

The polarization H on P induces an isogeny ip-^ : P ^ P onto the dual abelian variety P 
and thus an isomorphism tp tp. According to (14.11) this permits us to identify tp with 

Remark 4.3. This identification is also given by the differential of the dual vf of the map 
vr at the origin: 

dTi:tp—^tjc = H\C,Oc)^ 
which maps tp isomorphically onto H^{C, 0^)~. 

The isomorphism Tj^ ~ tj^ ® Oj^j induces an isomorphism 

(4.5) H\JC, Tj^) = H\C, Oc) ® H\C, O^)- 

On the other hand, since apart from H^{C,0^)~ , also H^{P,Op) can be considered as 
the tangent space of P at the origin, we have an equality 

H\P,Op) = H\C,Oar- 
Hence the isomorphism Tp c:^ tp ^ Op implies that we can identify 

(4.6) H\P, Tp) = H\C, Oc)- ® H\P, Op) = H\C, O^)" ® H\C, O^)" 
as well as 

(4.7) H\C, 7r*Tp) = H\C, O^)" ® H\C, O^). 

Remark 4.4. The dual of this last identification is provided by the differential of the 
Prym map vr: 

H\C, 7r*Qp ® Uc) = H%C, 7i*Qp) ® H\C, u^) '^^^ H%C, u^)- ® H%C, u^). 
where dn induces an isomorphism H^{C ,7T*Qp) ~ H^{C,uj^)~ . 



Lemma 4.5. The diagram 

(4.8) H\C, Tc) H\C, n*Tp) 

H^{da) 71 

commutes, where p~ is the projection onto the subspace H^{C,Oq)~ using the identifica- 
tions above. 

Proof. Note first that H^{da) is a map with target H^{C,a*Tj^). Since Tj^ is a trivial 
bundle we may identify H^{C, a*Tj(^) = H^{JC, Tj^) which gives the map of the left hand 
vertical arrow of diagram fl4.8l) . By Remark 14.31 . fl4.6l) and fl4.7p the map vr* corresponds 
to the map 

dn0id: H\P, Op) 0tp — > H\C, O^) O tp, 

whose image is H^{C, 0^)~ ® tp. 

Therefore the diagram 14.81 follows from the commutativity of 14.41 and identifications 
m and gj]) . □ 



Proof, of Proposition \4-l\ As noted above, the tangent space of TZg{n,r) at the point 



{C,B,ri) can be identified with H^{C,Tc{—B)). It coincides with the versal deformation 
space of the corresponding covering f : C C. 

The identification tp = tp gives an involution j on tp®tp interchanging the factors. The 
deformation space of the abelian variety P as a complex manifold is H^{P, Tp) = tp ® tp. 
The subspace of infinitesimal deformations of P which preserve the polarization S is 



{tp ® tp)^ = S^tp) = S\H\C, O, 



c) 



This means that the tangent space of Ap^o at the point P is S'^{H^{C, O^) ). 

Now the natural cup product map H^{C, T^) x H^{C, u^j) H^iC, Oq) is compatible 
with the action induced by the automorphism a and hence induces a map 

H\C,Tc.)^ X H'{C,iUc.)- H\C,Oc)-. 
The image of the corresponding map 

H\C,Tc.)^ }iom{H^{C,LUc.)-,H\C,0^)-) 
= {H%C,uJc)-)*0H\C,Oc)- 
= H\C,Oa)-0H\C,Oc)- 
is invariant under the involution j. Hence it induces a map 

H\C,Tci-B)) = H\C,Tc)^ ^ S'iH\C,Oc)-), 

which is the differential of the Prym map Pr : 7lg{n,r) — > Ap^o at the point {C,B,ri). 
From Lemma 14.51 we conclude that this map can be considered as a map 

H\C,T^)^ ^H\C,7r*Tp), 
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whose image is S^{H\C, 0^)') C H\C, O^Y ® H\C , O^) = H\C, 7r*Tp) (see (K7h). 
Hence according to Lemma the codifferential of Pr at the point (C, B,r]) is the canon- 
ical map 

given by multiphcation of sections. □ 

5. Injectivity of the differential of the Prym map 

Proposition 14.11 imphes that in order to show that the differential of the Prym map 
Pr : IZgin, r) — > Ap^D at a point (C, S, rf) is injective, it suffices to show that there is an 
h 1 < i < n — 1 such that the canonical map 

is surjective. 

First we consider the case of an etale covering, i.e. r = 0. We denote the moduli space 
of n-fold cyclic etale coverings of curves of genus g by TZg[n]. In the case of n even we 
deduce: 

Proposition 5.1. Suppose Cliff (C) > 3. Then for n even the differential of Prym map 
Pr : IZg [n] — > Ap^n is injective at the point [f : C C]. 

Proof For n = 2m one of the factors of S^{H°{C, uj^y ) is S'^H'^{C, uc^r]"^). Since r]"^ is 
a 2-torsion point, the assertion is a consequence of Corollary 12.41 and Proposition 14.11 □ 

For arbitrary n we only have: 

Proposition 5.2. Suppose Cliff (C) > 2n — 1. Then the differential of Prym map Pr : 
— ^ Ap^D is injective at the point [f : C ^ C]. 

Proof. Again this is a consequence of the remarks before Proposition 15.11 Corollary 12.41 
and Proposition 14.11 □ 

Remark 5.3. As we saw in the proof of Corollary 12.41 the assumptions on the Clifford 
index imply g > 8 in Proposition 15. II and g>An — lm Proposition 15.21 Hence the bound 
for the Clifford index is not sharp in Proposition l5.lt since it is also valid for g = 6,n = 2 
(see |Be[ CoroUaire 7.11]). 

The bounds in Proposition 15.21 are certainly not sharp if n is a composed number. If p 
is a proper prime divisor of n, then p is a p-division point and the method of Proposition 
15.11 gives a better result. We omit this, since it is easy to work out. 

For a general covering in 7^g[ra] there is a better bound which relies on the following 
lemma. 

Lemma 5.4. For g > 5 there exists a curve C of genus g admitting a proper n-division 
point rj G JC[n] such that the line bundle Uq ®ri is very ample for any n > 2. 

Proof Consider the locus 

Vn '■= {{[C],v) ^ "^gM I i^c ® ^7 is not very ample}. 

which is a Zariski-closed subset of TZg [n] . According to Lemma 12.11 a curve C such that 
([C], r]) G V admits points x, y, u, v with x + y ^ u + v such that nx + ny nu + nv. 
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According to the Riemann-Hurwitz formula the corresponding 2n : 1 covering C — >^ is 
branched at most over 

h = An + 2g-2-A{n-l) + 2 = 2g + A 
points of P^. Hence, the dimension of V„ is at most the dimension of Hurwitz scheme 

^2n,fe = {vr : C ^ branched over h points }. 

It is known that the Hurwitz schemes have at most the expected dimension 6, the number 
of branch points of the cover. Therefore, the dimension of locus in M.g of curves C 
admitting a of the form \nx + ny\ is at most 

dim7^2n,6 - dim Aut(P^) = 2g + l, 

which is less than dim7?.g[?2] = dim = 3(? — 3 for g > 5. This completes the proof. □ 

Using this, we can conclude. 

Proposition 5.5. For any n > 2 and g > 7 the Prym map Pr : TZgln] — > Ap^D is 
generically finite. In particular the image of Pr is of dimension 3g — 3. 

Proof. It suffices to show that there exists an element ([C],?]) G T^gln] such that the 
differential of the Prym map is injective at ([C], r^). For this it suffices to show, according 
to Proposition 14. ![ that there exists a ([C],-?]) G TZgln] such that the canonical map 
H°{C, uJc®r])® H^{C, ujc ® V'^) H°{C, u;^) is surjective. 

This follows from |Bul Theorem 1] using Lemma 15.41 and the fact that a general curve 
of genus (yf > 7 is of Clifford index > 3. □ 

Finally, we consider the case of ramified n-fold cyclic coverings, i.e. r > 0. Here we 
have the following consequences of Proposition 14.11 

Proposition 5.6. Suppose g > 2 and r > 6 if n is even, repectively r > 7 if n is 
odd. Then the differential of Prym map Pr : 7lg{n,r) — > Ap^D is injective at any point 
{C,B,r])eng{n,r). 

Proof. As we have said at the beginning of this section, it suffices to show that the 
multiplication map 

is surjective. According to |Bul Theorem 1] this map is surjective if the line bundles 
ujc ® "Z]^^' and ujq ® 77"^'"^] are very ample . 

Since deg(a;c) = 2g — 2, the very ampleness condition is satisfied if degr]^^^ (resp. 
degr;"""'?!) is at least 3. For n = 2m even, [^] — [^] = m and then degr]"^ = ^ = | > 3 
if and only if r > 6. On the other hand, if n = 2m + 1, m > 1, the line bundles uc ® rj"^ 
and LJc ® rj"^'^^ are very ample as soon as ^{^^) > 3. This is the case for r > 7, since r 
is a multiple of n according to Hurwitz formula. □ 

Since n divides r, we are left with 6 cases for the pair (n, r), for which we have a similar 
result. It is given in the following corollary, the proof again is an application of Lemma 
12.11 and |Bul Theorem 1]. We omit the details. 

Proposition 5.7. The differential of Prym map Pr : TZg{n,r) — > Ap^o is injective at 
the point {C,B,ri) G 7lg{n,r) in the following cases: 
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• 


for n 


= 2, 


r 


= 2 


i.e. 


deg 


= 


I, 


tfr^^ Oc{x + y-u) and Cliff (C) > 2; 


• 


for n 


= 2, 


r 


= 4 


i.e. 


deg 


;^ = 


2, 


if 7] Oc{x + y) and Cliff ((7) > 1; 


• 


for n 


= 3, 


r 


= 3 


i.e. 


deg 


\V = 


1, 


ifr]^ Och + y-u) and Cliff (C) > 2; 


• 


for n 


= 3, 


r 


= 6 


i.e. 


deg 


;r] = 


2, 


z/r^ ^ Ccfx + y) and Cliff (C) > 1; 
ifrf ^ Oc{x + y) and Cliff (C) > 1; 
z/ry2 ^ Q^^^ ^ Cliff (C) > 1. 


• 


for n 


= 4, 


r 


= 4 


i.e. 


deg 


= 


I, 


• 


for n 


= 5, 


r 


= 5 


i.e. 


deg 


= 


I, 



For g > 3 respectively g > 5 there are curves of Clifford index > 1 respectively > 2 we 
get as an immediate consequence of Propositions 15.61 and 15. 7[ 

Corollary 5.8. Suppose one of the following conditions is satisfied 

• g > 2 and r > 6 for n even or r > 7 for n odd, 

• g > 3 and n = r = 4 or 5 or {n,r) = (2, 4) or (3, 6), 

• g > 5 and n = r = 2 or 3. 

Then the Prym map Pr : TZg{n,r) — > Ap^n is generically finite. In particular the image 
of Pr is of dimension 3g — 3 + r. 
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